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A Two - Temperature Statistical Model for

Particle Production at High Energies

J. R. VWeyland and T. Bowen

Department of Physics, University of Arizons, Tueson, Arizcie

1. - Introduction.

There have been meny attempts to find expressions for the spectra of
particles produced in proton-proten end protonenuclei collisions ¢ 1"} . A3
but one has had rather limited success in expleaining known spectra of pro-
duced particles. The most successful attempt assumes longiiudinel and
transverse particle momentum distributions suggested by expsrimertial
results (a). Starting with & basic equation from guantum statistical mechenies,
we will derive expressions for the momentum distributions. Thesc distri“pu.ﬁims
will be used to obtain an expression for d°N/apds.

We will assume thet there are two charecterisiic temperatures; one
associated with the transverse distribution, the other with the Jongitudinal.

This is suggested by the remsrkable independence of the trunsverse particic.

{*} M. Kretzschmar, Ann. Rev. Nucl. Sci., 11, 1 {(1961}.
(®) 6. Cocconi, D. H. Perkins, L. J. Koester, Study #28 of Berkeley Hign

Energy Physics Study, UCRL-10022 {unpublished}.



momentum distributicn from the energy of the incident partisis. One con
consider this as & decoupling of the temperatures which could ccowr bectuss
of the more rapid dispersal of energy associated with the longitudinal
motion. Another suggestion comes from the assumed rotational eilipsoid

form of the interaction volume. The longitudinal dimension is dependent

upon the energy of the incoming particle under a Lorentz transfornstion, bub

the transverse dimension is independznt of energy

2. - Derivation of Differential Crose Section,
One can find fram a quanium siatistical mechanical anslysis that the
avercge occup&tion numbers for particles produced in e high energy inter.

action can be written (3)

!

(1) Vik = = 2
v 2 < m 2 "T
. o+ m T
e"/ (o4 X 7 o3,
where, as is ususl, the negative sign is for bosouns and the positive simm
is for fermions. However, egustion {1} is not relativistically inverisnt.
Relativistic invarience requires the exponant to bz written in an invariant
form. The exponent can be written as 8 kaU s Where k, i1s the four momenta
and U’ is the four-velocity (*). (8 = 1/7). Only in the C.¥. system will
Y 2 2
B8 k\)U = /p, + mk /T.
The distribution of longitudinal particle momentum, pgz , for a given

(®) R. Hagedorn, Nuovo Cimento Supp. III, ¥o. 2, 147 {1955).
(*) K. Just (private commmnications};

J. L. Synge, The Relativistic Gas, Interscience Publ., New York {1757;.
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t

changed to the varishles p and p , the longi

i 4
% ] L x P Y P sl e
respectively.} ¥e define ‘.11" =@ pli “ mkz . Noting that Kw}f ;17;{?{ e
o aies . K % I T
imodified Bessel Fumcticns of the second type), snd 1/{e” ~ 1l = L ¢
=l

M 0 &
we can write for besona {7)

g_ﬁm

L~ ]
2)  w(pyp *A i (E5® g .
i Tu ! Py oy L e

el TR r;

x
- Vs . fen
T vm-) @, i P Ky (ki /7)

wnere A = 27V, _/’ha and ¥, is thz intersction volume. Upon normalizatlon, iz

becounes
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We have used ¢ = % = 1 and then ingerted ¢ and 2 in the fHngl edpresaion.

We can use the anpression for K.&{km/ﬂ" to find

2 Qjﬁ {1+ ‘"*'L‘;,
i, " % T
(L) ) (@ {pidp, = =2 e e D
: L. nc . K (/7 g
k=l k

likewise, to obtain the Lransverse ncorentum distribution we integraile over -pn -
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x+1 evk}:
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results shouald centsin a {-1) in each series.
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where i p: + . When ve normalize this, we find (®)
o
. E Vo £ %ike/To)
) X 1
6 o Mgy o« —— K -
s ORSEL T LT s e
k=l k

By not equating T and To we have introduced two temperatures and thus sasumsd

be tound in Appendix Aj. One would alsc cxpact this from sn inspecticn of

the shape of the interaction volume. The interaction volume is & flait disik.

One could think of *he transverse displacements as ceused by the "trancverse
tempersture” snd the "thickness"™ of the disk as agsociated with the "longi-

tudinal temperature™,

e -

{*) K. Imaeda end J. Avidan, {Nuovo Cimento 32, 1497 {165k}}, heve also
thained Equeticn & for bosons, which they reXer 7 es Pleack’s dlstribution
They show that this distribution gives a satisfactory it to date from cosmi
ray jets and that a distribution of the form w.!.{p;)é;}; s2ap exp(~a pj;;-:r};)i~
gives a much poorer fit. H. H. Aly, M. ¥. Zgplon nd M. L. Shen,ﬁ%ucvo Uimanto
32, 905 {196k)); ani E. M. Friedlinder (Nuovo Cimenio ‘~:~?, 417 {1655)), have
made the erroneous asszertion that the latter fom is necmam‘i ly implied by
the assumption of axial symmetry. Aly, et al., raached this mistaken
conclusion by imposing too shrong a condition on the form of the distributliuor
fusction: namely, that 'J.‘(pi) = f{px) . f(py). This is onily irue if p_ awd

p, ore gtatistically independent, which is 0¥ necesssry oo sxial symmgiry.




The probability of obtaining a particle of mass m and momentun 3
and p‘L is given by

. ’ e e @) e ) @ g
(7) (pn .p&) @, §(T) @y (P“) 0 (pj_) dp dp
Here N(T) is the number of particles cbtained from integrating equation (1}

over d;:L dp“ . We have assumed that N is determined by the longitudinal

temperature. This gives

(8) N = Vome®? ; Ka (Jnc®
h3 k=l Xk

If &2 4s the differential solid angle thc transformation from dpdl to

dp dp is
| IS

dp dp
(9) oL o®
& T p ’

4

where p is the totel momentum of the particle. The flux is found with the
aid of (5}, (6), (7), (8), and (9):

£ x,,(kue/m)m e w (1« B/

’ daN - {3 /
(o) Sl ZRT_ gy Nl e
dp 6’1 Tom n® ).. &( C (&2
k=1 k

The average values of p“ and p are found in Appendix B.
L
<
We have calculated the differential cross-section M in the
C.M. and it is related to the *aboratory differential croggcsectlon by

(11) Pr(p.8) | FN(p .9} EF .
55 ap‘i'a) E p‘.@a
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We will fit equation (10) to spectra in the C.M. system {at sngles in the
forward and backward cones) and use the above transformation to cbtain the
spectra in the leboratory system. The interaction volume, Vo, will act as

a free constant to determine the normalization to experimental data.

3.~ Camparison with Experiment.
A. The Pion 8pectrs.
From cosmic ray and machine-produced particles we know that for pions
0.2 & <pJ_) S 0.6 Bev/c as 6 S B S 10° Bev (7). When (pL) = 0.4 Bev/c we find
with the aid of (B.3) that Tp ~ 0.16 Bev. For comparing the above resulis with

experimental dsta in the 10 to 30 Bev cange, we wii. awsSume that {p ) s c.iriami,
It

since experimental data indicates that, at most, (pl) ~ ln By {¥). When one
mekes a best fit to the data from the AGS, the parameter T = 0.38 Bev for
normalization to the 4.75° and 20° dats {®) (corresponding to forward and
backward cones in the C.M.).

To make the transformation from one incident particle energy to another,

we note that
(12) ng (Be) =KE

vhere Ks is the fraction of the total energy content possessed by the
secondaries of type s, and 8 s Yis the average energy of the veconderies. If
s

one uses equation {1) tc calculate the aversge energy it is found that (E) & T

with the condition m/T = 0. Even with m/T of the order of one this is a fair

(?) V. 8. Barashenkov, V. M. Mal'tser and I. Patera, JINR-P-1577 {unpublished},

(®) Baker, et al., Phys. Rev. Letters 7, 101 {1961).




approximation. Thus we can assume Lhat n, o L P, H. Parkins zives

n, = numker of charged seconderies = 1.8 Eom and the retio of chawrged pions
to all charged seconderies as 0.82 % 0.05 (?). Thus n .= 1.5 Eo”e. At
T
E =30 Bev, n & 3.5. We are interested in either @ or n”, so if
De =n_ we have noAn, sn .~ 1.7 Using equation {B.2) we can find
* =
(Es } as a function of T. From the value of (E.") we find (B>, For

&)
(13) K, = S

we find K; = .26. The results of fitting equation (10) with the sid of {11}
to the pion spectra are chown in Figures i, 2, 2, 4, 5, and 6 for various
angles and incident energies {*°). Because of the approximatiors of the
statistical model used, the it is not =xpected to be good for < i5 Bev.

We can take the interaction volume in the ahove anslysis to be an
ellipsoid with two of the axes equal to the Compton wavelength corresponding

to the tecuperature To and one to the tempersture T.

(14} w o= G B .

One would expect & to be of the order of one. For a reasonable fit to the

pion date, we £find T = 0.38 Bev, and o = 0.56.

B. The Kaon Spectra.
When one spplies this approach to the positive kaon spectra from the

AGS (®), the best results are obteined for To = G.1GC Bev and T = 0.38 Bav,

{®) D. H. Perkins, Study #10, 11, of Berkeley High Energy Physics Study,
UCRI~10022 (unpublished).

(*°) D. Dekners, et al., Phys. Rev. 137, BO62 {1665).



This is shown in Fig. 6. Because of the difference in the production

chennels open to negative kaons we have fitted its spectra with To = 0.150 Bev
and T = 0.30 Bev. This is also shown in Fig. 6 (**). In fitting the keon
data we have used an average for <p.t.> = 0.46 Bev/ec (7) and to estimate the

inelasticity coefficient we have taken n - /n“_ =~ 0.04.

C. The Antiproton Spectra.

We can use the same type of analysis to f£it the antiproton spectra.
If we take To = 0.160 and T = 0.160 Bev, the results of applying equstion {10
with the aid of equation (11) are shown in Figs. 7 and 8. Agein we have
assumed that n5 @ Eo¥ and have taken n _/nn_ ~ 1072 (in order to find
the inelasticity coefficient X). ?

D. Results.

With adjustment of three paremeters it is possibie to cobtain geod
agreement with experimental data over a large range of incident energy,
lab angle, and secondary particle momentum. The method works equally well
for different types of perticles. The results for the various parameters
are given in Table I. One notes that: {a) the transverse temperature,
To, is the same for all particles; {b) the longitudinal texﬁpers.ture, T,
is the same for pions and X', decreases for K, and further decreases

until it is equal to the transverse temperature for T (*2).

(u) It is also possible to fit the CERN data with an expression of the type
of equation {10).

(**) Imaeda and Aviden obtain a value for To of 0.122 Bev, somewhat lower
than our value. However, they obitsained this value from secondary particles

produced in cosmic-ray jets.




One can drop the summation from the above eguations, keepiag only the
k=1 term, without changing the results significently. Thern we can write

equation {10) as

(05) Sy o BT g g Gy /T (1
dp Toh3n® c*Kg (mc® /To)

It is interesting to note thaet the interaction volume, Vo, for piors
is gpproximately ten times greater than for kaons and 100 times greater
than the entiproton volume. One also notices the following: {a) the fit is
not good in the low {1 to 3 Bev/c) secondary momentum rsnge for low production
angles for complex nuclear targets; (b) the 0° spectra changes markedly
from that of angles greater than 0°; {c} in the pion spectre there is a
large difference between the " and 1”. Vhen one examines the number of
particles in the C.M. system at high momentum in the baclormerd direction
from heavy terget nuclei it is found that there are more particles produced
than predicted by this model. This is probably due to the nucleon-nucleus
interaction involving more than one nucleon in the tezrget nucleus. This
would account for (a). However, {b) and {c} cannoct be accounted for by

this analysis.

4, - Discussion.

An inspection of the results of fitting equation {10} tc the spactra
for difterent pariicles indicates that thers is rother good ngreement with
experimental data for: (a) Bo > 15 Bev; (b) secondsry momentum greater
than about 3 Bev/c for small angles; {c) engles @ 20°. Also,the

inelasticity coefficient, X, is within the measured range of sxperimental

values (but, perheps, a little large).




Basically we have assumed that the production process occwrs by creation
of a fireball that in turn "boils off" the secondary particles. The momentum
distribution of particles in the fireball is a combination ol two approximatzly
independent distributions characterized by two temperatures. Tp determines the
transverse distribution and T the longitudinal distribution and number or
particles produced via the quantum mechanicel number density. The longitudinal
and transverse modes appear to be only weakly coupled during the expansion
of the fireball. Antiprotons seem to be boiled off at a stage of the
interacticn process when the transverse temperature, T;, and the longitudinsl
temperature, T, are approximately the same; the picns and kaons, at unegqual
temperatures. Because of the flat disk shape of the interaction volume, the
transverse modes remain coupled among groups of particles longer then tie
longitudinal modes while the particles are moving apert toward eventual
freedom. As a result, the transverse momentum distribution of a boiled-off
particle may be charadterigsed by a lower tempersture then its longitudinal

momentun distribution.

TABLIE I
o
Particle To (Bev) T(Bev) X o
o or v 0.16 : 0.38 0.26 0.56
.o 0.16 0.38 0.0 0.75
K 0.16 0.30 0.0109 0.8%4
T 0.16 0.16 0.0043 0.231
E 3 »* % #*

The euthors wish to thank Dr. K. Just for a very helpful discussion.
Also, we would like to thank Dr. R. Hagedorn for sending us copies of his

vaper before publication.




Appendix A - The Correlation Coefficient.

To check the possibility of expressing a given distribution of known
form as the product of two new functions, one should compute the corrslation
coefficient. In our case,

(n)

(8.1) pp) 2u ) o) w (Mg

can be checked by computing the correlation coefficient, p

((p}_ - (pl)) (pu - (p‘i)))

{A.2) p = . .
{p - (PP ({p - (p N4
i " L "

We find that
'— . Kea® (/137
Ko (o/T} - ey |
L = J
(A~3) p st - 2 ) : W~ B 2 s - M2
eSO e /]
¥s (0/T) - ~metmrry ﬁk S T T |

As we go to higher energies m/T = 0 and p =~ 0.109. {For pions p = 0.103
at E = 30 Bev.!} p decreases slowly for increasing m/T. We can assume
that (A.1) is 2 reasonsble approximation. We also remark that p  and P,
are not strictly statistically independent, a requirement which several

authors have mistakenly imposed cy.




Appendix B - Derivation of (p ) and (p‘)
i i

For the normalizetion of wq and ®»

The universal function I{!.le(x}/((x)‘"2 K={x}) is shown in Fig. 9.

distributions we note that for

L i
’ ' © t’" ;p 2 " ma}:/a he 3
{B.12} 1=0Q4 (-ﬂ-,%jm T L (pH2 + ma}a" Ky L 2 7 d.pn
=0 A’ TK (m/T),
and for w
1
e L@ ,,,{Z(y 3 -!-mi)gﬂ, e
B.1b = f 2 2yve r
(2.1v) 1 ﬂaﬂ]:pi(pl + ) KxL T 3
i An’ To R (B/T) .
Now
| - - (2&3 + %2)3’3
~ 0 - T
. = {
(8.2) (pa) 1A .L P, dp.:. JO Py dPn
. @y T /)
Ey K2 (m/T} ?
and
. o (p,” + " ) ¥
(B.3) (p)s%Ajp dpJodPe T
o L il
gy e (/%)
( 2 ) Xa (m/T5) )
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Figure Captions
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Momentum spcetra of pions at 4.75° and 9°, obtserved zi en

incident energy of 10 Bev. {®}. {50% target efficiency}.

Fig. 2. Momentum spectra of pions at 0° =nd 5.7°, observed at an

incident energy of 18.8 Bev/s. (*°}.

Fig. 3. Momentum spectra of pions at 4.75° and 9%, cbserved at azn

imldent energy . c- 20 Bev.

)

8%. {50% target efficiency’

Fig. 4, Momentum spectrs of pions at 0° and 5.7°. cbserved st an

£

incident energy of 23.1 Rev/e, i

Fig. 5. Momentum spectra of pions at 4.75°, ¢°, 13°, 20°, and 45°,

obsarved zt an incidert enzrgy of IC Bev. (®). (50% target efiiciensy;

Fig. 6. #omerium zpectra of kaons at B.75%, §¢°, 13°, and 20°, obscrved
= ;‘ > l’Q Y s t f". 1le s
at an incident energy of 3C Bev.{®%. (5 arget efficiency:.
‘ rr

Fig. 7. Momentum spectra of entipretons ot 4.7%°, §°, and 13°, observes

at an incident energy of 3 Bev. {89,

Fig. 8. Momentum spectra of antiprotons at 0° and 5.7°, observed at an
. . s B
incident energy of 23.1 Bev/c. {"7}.

Kg (%)

. The function given as w function of x = m/T,

/X K {x)
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